We present a master equation approach to the study of the bulk-mediated surface diffusion mechanism in a threedimensional confined domain. The proposed scheme allowed us to evaluate analytically a number of magnitudes that were used to characterize the efficiency of the bulk-mediated surface transport mechanism, for instance, the mean escape time from the domain, and the mean number of distinct visited sites on the confined domain boundary.
I. INTRODUCTION
Intermittent processes are widespread in many domains and fields. Generally speaking, these processes involve an agent (particle, searcher, etc.) and two or more phases among which it alternates. The importance of these processes is based on its capacity to explain several physical scenarios, ranging from animal search patterns [1] , through the solutions or melts of synthetic macromolecules [2] , to the manufacture of selfassembled mono-and multilayers [3] . This sort of intermittent behavior is also found in the binding of a protein to specific sites on DNA for regulating transcription [4] , or in interface sciences (see [5] and references therein) where the adsorptiondesorption dynamics of molecules are of fundamental importance and are crucial to a number of technologies. Among these the adsorption-desorption mechanism called bulk-mediated diffusion [5] arises at interfaces separating a liquid bulk phase and a second phase which may be either solid, liquid, or gaseous. Whenever the adsorbed species is soluble in the liquid bulk, adsorption-desorption processes occur continuously. These processes generate a surface displacement because molecules desorb, undergo Fickian diffusion in the bulk liquid, and are then re-adsorbed elsewhere. As this process repeats over time, it results in an effective diffusion of a molecule on the surface. A number of magnitudes have become available, due to the improvements on measurement techniques [6] , and might serve to characterize the efficiency of the bulk-mediated transport mechanism. For instance, a technique named TIRFM (total internal reflectance fluorescence microscopy) [6] allows an observer to track down the trajectories of single molecules and thus the span, due to the mixed transport, over the surface. Furthermore such technique could provide the time spent on each surface-bulk phase, and hence the overall time until some triggering effect takes place; such an effect may be, for example, the exocytosis in neurons [7] . This last situation, i.e., the escape of a particle from a domain, is usually referred to as the narrow escape time problem (NET) [8] .
In [9] , we have introduced an analytical Markovian twodimensional (2D) model that showed the impact of geometrical parameters and the interplay between surface and boundary paths in the studied confining domain, for both the perfect and imperfect trapping case [10] . In those works we presented phase diagrams which showed that some combinations of the geometrical parameter and the transport mechanism were required for the existence of an optimal transport.
It is challenging to move forward into the study of the three-dimensional (3D) bounded geometry instance. Such studies would be relevant to heterogeneous catalysis and molecular recognition associated with both biomembranes and biosensors [6, 11] , just to mention a few examples. Recently the continuous version of this problem has been tackled [12] . In this work we introduce a 3D bounded lattice geometry which allows a complete exact solution. We also introduce an imperfect trap site (or narrow escape window [13] ) on the surface, which enabled us to measure the efficiency of the mixed transport mechanism under imperfect trapping conditions. It is well known that systems' descriptions by means of the "imperfect trapping case" are suitable whenever the surface contains "deep traps," or when there are captures and re-emissions from a surface that contains sites with several internal states (such as the "ladder trapping model"), etc. [14] [15] [16] . We believe that the conclusions drawn in this work are qualitatively robust and will contribute to a better understanding of the role played by geometrical and diffusive parameters in the transport through desorption-mediated diffusion.
II. ANALYTICAL APPROACH
Let us consider the problem of a walker making a nearest neighbors random walk in a finite N × M × (L + 1) lattice (see Fig. 1 ). The bulk is bounded in the z direction where the walkers can move from z = 0 to z = L, and periodic boundary conditions are assumed in the x and y directions, so, for instance, x and x + N denote the same place in space. A complete and finite set of equations can be constructed for the walker's unrestricted conditional probability P (n,m,l,t|n 0 ,m 0 ,l 0 ,t = 0) of being in position (n,m,l) at time t given that it departed from (n 0 ,m 0 ,l 0 ) at t = 0. By resorting to the matrix formalism ( [5] ) this set can be written in the Fourier[(x,y) → (k x ,k y )]-Laplace (t → u) space [17] as [uI − H]P = I , where I is the identity matrix, H is a (L + 1) × (L + 1) tridiagonal matrix with elements:
x z y FIG. 1. Schematic system. γ is the surface transition probability per unit time in the z direction, α (α 0 ) and β (β 0 ) are the bulk (z = 0 surface) transition probabilities in the x and y direction respectively, and δ is the desorption probability per unit time from the boundary surface z = 0. The entrance to the trap or escape site (empty circle) is regulated by the transition rate ν.
where constants C and C 1 are defined as C = −2γ +
. By applying the Dyson procedure ( [5] ) a general expression for [P (k x ,k y ,u)] l,l 0 can be found. It is worth mentioning that desorption from the surface at z = 0 is regulated by the transition rate δ, so this parameter enables us to regulate the "exchange rate" between surface and bulk paths. We also incorporate an imperfect trapping site at the surface, where the walker may escape from the domain. For this, we define A( s,t| s 0 ,0) as the absorption (trapping) probability density (APD) through the site s at time t, given that the walker was at s 0 at time t = 0. Hence A( s,t| s 0 ,0) dt gives the trapping probability of the walker, through s and between t and t + dt, given that it departed at t = 0 from s 0 . The connection between the APD and the unrestricted conditional probability P ( s,t| s 0 ,t = 0) can be traced to results in [15] ; this approach in the Laplace domain gives
where ν introduces the imperfection in the trapping process. As this parameter ranges from 0 to ∞, it allows the study of both a deficient trapping and situations where escape is certain (i.e., perfect trapping case). Once A(·) is obtained, a number of magnitudes that may be helpful to characterize the mixed transport can be evaluated, for example, the moments of the APD can be obtained as
where g( s 0 ) denotes the probability density of initially finding the walker at position s 0 [18] . For instance, the mean absorption/escape time, i.e., the mean time until the walker is absorbed through site s, is t( s) . Furthermore, another measurable quantity is the mean number of distinct visited sites S, a magnitude that has been proved to be reliable and useful in other scenarios such as intermittent searching [1] , and could be used as a measure of the efficiency with which the walker scans the surface. It is worth noting that S can be used to characterize the process only for the perfect trapping case, i.e., it does not take into account the trapping process itself. In the Laplace space the mean number of distinct visited sites evaluates to
This quantity could be used, for example, to complement or contrast the information obtained from t( s) .
III. RESULTS AND ILLUSTRATIONS

A. Results
Here we present the results and illustrate the general framework introduced in the previous paragraphs. The results shown in this work may be classified as analytical (in coordinate space and in the Laplace domain), analyticalnumerical (results in coordinate space and time domain-after performing the Laplace inversion numerically) and Monte Carlo (MC) simulations [19] . In the following we evaluate the mean escape time through site s = (0,0,0) [we adopt the notation t( 0) → t ] for a walker that starts at site (0,0,l 0 ) [20], i.e., g(n,m,l) = δ n,0 δ m,0 δ l,l 0 , and obtain
where
y ) index implies that the (0,0) term is ruled out from the sum],ũ = u − A k ,L = 2L + 1, and η = 1 + (ũ − ũ 2 + 4γũ)/2γ . We also present here an analytical calculation of the relative variance or relative error ( ) of t , used to characterize the reliability with which the MET describes the trapping process. We evaluate the relative variance as t = t 2 − t 2 / t , where
and all the coefficients are obtained from
where D ij is the i factor of the Laurent series in u of [P (0,0,u)] 0,j , and f ij coefficients satisfy f ij (iii) δ α 0 in Eq. (5) approximate bounds regarding the existence of a local minimum in MET can be derived,
where f 1 | j is f 1 evaluated in regime j = i,ii,iii [21], and we maintain δ i /γ since as L grows it may be not neglected.
Notice that the bounds in Eq. (11) imply a restriction on the transition rates at the boundary and in the bulk. This result can be put in direct correspondence to those found in the continuous case, Ref. [8] [Eq. (87)], by making the assignments α 0 → D 1 (diffusion coefficient at the boundary) and γ → D 2 (diffusion coefficient in the bulk). Taking into account relation (11) for the parameters considered in the former figure, we observe that the MET should have a local minimum for 3 L 9, thus in good agreement with curves depicted in Fig. 2 . In Fig. 3 we present the curves corresponding to the scaled MET, as a function of the desorption rate δ, for L = 1 and for different values of the "escape strength" ν, which is the transition rate at the escape window. We have included for comparison the perfect trapping case (continuous thick line). As can be inferred from the figure, ν values significantly influence the existence of a minimum in the MET. Changes in the location of the extrema values of the MET range from a monotonous behavior (ν → ∞ extrema in δ → ∞) to a situation with a global minimum, and then back again into a monotonous behavior (ν → 0 extrema in δ → 0).
In Fig. 4 we include the relative error ( t ) of the MET as a function of δ for the perfect (a) and imperfect (b) trapping cases. Due to the geometry and transport properties of the proposed system (3D lattice and regular diffusion) this case belong to the noncompact exploration case defined in [22] . In this situation it would be expected that t ∼ 1, thus consistent with our results (1 < t < 2). This suggests that the fluctuations are comparable to what would be obtained with a single parameter distribution [8, 22] . In the following figure we introduce a complementary magnitude, the mean number of distinct visited sites on the base surface, S z=0 .
The mean number of distinct visited sites starting from (0,0,l 0 ), S z=0 , evaluates in the Laplace space to
In then S * reflects it. The behavior in the concavity or convexity of the extrema, for example in a maximum, could be interpreted in the following way: in order to find the escape window the walker must "scan" the surface; a maximum in S z=0 implies an increase in the number of visited sites (on the surface), increasing the chances of hitting the escape window and thus reducing (a minimum on) the mean escape time T .
In Fig. 6 we plot the relative error S of the mean number of distinct visited sites as a function of δ, corresponding to the results of Fig. 5 , and obtained via MC simulations. We observe that S < 1, which are consistent with those results obtained for the continuous system pointed out in [11] (crossing case). Thus with the inclusion of S we complete the presentation of S as a complementary magnitude to characterize the transport through desorption-mediated diffusion, together with t and its error, t . 
IV. CONCLUSIONS
In this work we presented a master equation approach to the study of the bulk-mediated surface diffusion mechanism in a 3D confined domain. The proposed scheme enabled us to analytically evaluate a number of magnitudes that could be used to characterize the efficiency of the bulk-mediated surface transport mechanism. In addition to the study of the enhanced transport through desorption-mediated diffusion for the perfect trapping case, we have introduced a finite transition probability, namely ν, at the narrow escape window, that also allowed us to analyze the imperfect escape case.
By resorting to Dyson' technique we have obtained analytic results for the mean escape time (MET) t , for the mean number of distinct sites visited by the walker S(t), for the relative error t and we have performed MC simulation to obtain the relative error S . We have studied the dependence of the above magnitudes in terms of the transition (desorption) probability over (from) the surface boundary, the confining domain dimensions, and the finite transition probability at the escape window. Regarding the relative errors we observe that, roughly speaking, 1 < t < 2, which is in agreement with the noncompact exploration case defined in [22] . Alternatively we also present S (and its relative error S ), a magnitude that has been proved to be reliable and may be considered in order to fully characterize the efficiency of the mixed transport.
The current approach can be generalized in several directions: non-Markovian desorption from surfaces, "dynamical" behavior of the escape window, etc. All of these aspects will be the subject of future work. 
